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Abstract

Zolotarev proved a duality result that relates stable densities with
different indices. In this talk, we show how Zolotarev duality
leads to some interesting results on fractional diffusion. Frac-
tional diffusion equations employ fractional derivatives in place
of the usual integer order derivatives. They govern scaling lim-
its of random walk models, with power law jumps leading to
fractional derivatives in space, and power law waiting times be-
tween the jumps leading to fractional derivatives in time. The
limit process is a stable Lévy motion that models the jumps,
subordinated to an inverse stable process that models the wait-
ing times. Using duality, we relate the density of a spectrally
negative stable process with index 1 < α < 2 to the density of
the hitting time of a stable subordinator with index 1/α, and
thereby unify some recent results in the literature. These results
provide a concrete interpretation of Zolotarev duality in terms
of the fractional diffusion model. They also illuminate a current
controversy in hydrology, regarding the appropriate use of space
and time fractional derivatives to model contaminant transport
in river flows.



Acknowedgments

Boris Baeumer, Maths & Stats, University of Otago, New Zealand.

Peter Becker-Kern, Math, Universität Dortmund, Germany.

P. Chakraborty, Math, California State U. Bakersfield.

James Kelly, Naval Postgraduate School.

Chae Young Lim, Statistics and Probability, Michigan State.
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Fractional derivatives: An old idea gets new life

Fractional derivatives Dαf(x) for any α > 0 were invented by

Leibnitz soon after the more familiar integer derivatives.

Some derivative formulas extended to the fractional case:

Dα

[
eλx

]
= λαeλx

Dα [sinx] = sin
(
x +

π

2
α

)

Dα [xp] =
Γ(p + 1)

Γ(p − α + 1)
xp−α



Fractional derivatives and transforms

If the Laplace transform of f(t) is defined for 0 < α ≤ 1 by

f̃(s) =
∫ ∞
0

e−stf(t)dt

then Dαf(t) has Laplace transform sαf̃(s) − sα−1f(0).

If the Fourier transform of f(x) is defined for k ∈ R by

f̂(k) =
∫ ∞
−∞

e−ikxf(x)dx

then Dαf(x) has Fourier transform (ik)αf̂(k).

Here (ik)α = |k|α sign(k)eiαπ/2.



Probability and transforms

If the random variable X has density f(x) so that

P (a ≤ X ≤ b) =
∫ b

a
f(x)dx

then f(x) has Fourier transform

f̂(k) =
∫ ∞
−∞

(
1 − ikx +

1

2!
(ikx)2 + · · ·

)
f(x)dx

= 1 − ikμ1 − 1

2
k2μ2 + · · ·

where the pth moment

μp =
∫ ∞
−∞

xpf(x)dx



Central limit theorem

If μ1 = 0 and μ2 = 2 then f̂(k) = 1 − k2 + · · ·

The IID sum Sn = X1+· · ·+Xn has FT f̂(k)n and the normalized

sum Sn/
√

n has FT

f̂(k/
√

n)n =
(
1 − (k/

√
n)2 + · · ·

)n

=

(
1 − k2

n
+ · · ·

)n

→ e−k2 ≡ ĝ(k) as n → ∞.

Inverting the Fourier transform reveals a Gaussian density

g(x) =
1√
4π

e−x2/4



Brownian motion

If Xn represents a particle jump at time n then Sn = X1+· · ·+Xn

is the location of the particle at time n. Expanding the time

scale by a factor of c > 0 and taking limits as c → ∞ shows that

c−1/2S[ct] ⇒ At since

f̂(c−1/2k)[ct] =

(
1 − k2

c
+ · · ·

)[ct]

→ e−k2t ≡ ĉ(k, t)

for all t > 0. Inverting the FT shows that the density of the

limiting Brownian motion process At is Gaussian

c(x, t) =
1√
4πt

e−x2/(4t).



Simple random walk simulation

0

0.5

1

1.5

2 4 6 8 10

t



Longer time scale
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Scaling limit: Brownian motion
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The diffusion equation

Taking Fourier transforms in the classical diffusion equation

∂c(x, t)

∂t
=

∂2c(x, t)

∂x2

yields

dĉ(k, t)

dt
= (ik)2ĉ(k, t) = −k2ĉ(k, t)

whose solution

ĉ(k, t) = e−k2t

inverts to the same limit density for the Brownian motion At.

For a cloud of diffusing particles c(x, t) is the particle density.



Classical diffusion profile

0

0.05

0.1

0.15

0.2

0.25

–4 –2 0 2 4 6

x

Brownian motion Gaussian (Normal) density at time t = 1,4,9

showing square root spreading rate and fast tail decay.



Heavy (power law) tails

If P (X > x) ≈ x−α then f(x) ≈ αx−α−1 and some moments

μk =
∫ ∞
−∞

xkf(x)dx

do not exist. If 1 < α < 2 and μ1 = 0 then a typical X has FT

f̂(k) = 1 + (ik)α + · · ·
and n−1/α(X1 + · · · + Xn) has FT

f̂(n−1/αk)n =
(
1 + (n−1/α ik)α + · · ·

)n
=

(
1 +

(ik)α

n
+ · · ·

)n

→ e(ik)
α ≡ ĝ(k) as n → ∞.

The inverse Fourier transform g(x) is called a stable density.



Lévy motion

If Sn = X1 + · · · + Xn is particle location at time n then the

scaling limit c−1/αS[ct] ⇒ At since

f̂(c−1/αk)[ct] =

(
1 +

(ik)α

c
+ · · ·

)[ct]

→ et(ik)α ≡ ĉ(k, t).

The limit process At is called a Lévy motion.



Heavy tail random walk simulation

–0.5

0

0.5

1

1.5

2

2.5

2 4 6 8 10

t



Longer time scale
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Scaling limit: Stable Lévy motion
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Fractional diffusion equation

To solve the fractional diffusion equation

∂c(x, t)

∂t
=

∂αc(x, t)

∂xα

take Fourier transforms to get

dĉ(k, t)

dt
= (ik)αĉ(k, t)

and solve to obtain

ĉ(k, t) = et(ik)α

so the density of the Lévy motion solves this fractional PDE.

In this case c(x, t) falls off like x−α−1 as x → ∞.



Fractional diffusion profile
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Stable α = 1.5 Lévy motion density at time t = 1,4,9 showing

super-diffusive spreading rate, skewness, and power law tail.



Continuous time random walks
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The CTRW is a random walk with jumps Xn separated by ran-

dom waiting times Jn. The random vectors (Xn, Jn) are i.i.d.



Heavy tail waiting times

If P (J > t) ≈ t−β with 0 < β < 1 then the mean waiting time is

infinite. A typical J has LT

f̃(s) = 1 − sβ + · · ·
and n−1/β(J1 + · · · + Jn) has LT

f̃(n−1/βs)n =
(
1 − (n−1/β s)β + · · ·

)n

=

(
1 − sβ

n
+ · · ·

)n

→ e−sβ ≡ g̃(s) as n → ∞.

The inverse Fourier transform g(t) is a stable density with index

0 < β < 1.



Waiting time process

If Tn = J1 + · · · + Jn is the time of the nth particle jump, then

the scaling limit c−1/βT[ct] ⇒ Dt since

f̃(c−1/βs)[ct] =

(
1 − sβ

c
+ · · ·

)[ct]

→ etsβ ≡ c̃(k, t).

The limit process Dt is called a Lévy stable subordinator.

The number of jumps by time t > 0 is Nt = max{n ≥ 0 : Tn ≤ t}
and note that {Tn ≤ t} = {Nt ≥ n} (inverse processes)



CTRW scaling limits

Since (c−1/αS[ct], c
−1/βT[ct]) ⇒ (At, Dt) a continuous mapping ar-

gument yields

(c−1/αS[ct], c
−βN[ct]) ⇒ (At, Et)

where the inverse subordinator Et = inf{r > 0 : Dr > t}.

Another continuous mapping argument leads to

c−β/αSN[ct]
= (cβ)−1/αS(cβ · c−βN[ct]) ⇒ AEt



Fractional governing equations

A simple conditioning argument shows that the limit process AEt

has a density

m(x, t) =
∫

c(x, u)h(u, t) du

where c(x, u) is the density of Au and h(u, t) is the density of Et.

The density solves a space-time fractional diffusion equation

∂βm(x, t)

∂tβ
=

∂αm(x, t)

∂xα

It is easy to check that this is equivalent to:

∂c(x, u)

∂u
=

∂αc(x, t)

∂xα
and

∂h(u, t)

∂u
= −∂βh(u, t)

∂tβ



Hitting time density

The time process is self-similar with Dt
d
= t1/βD1. Then

P (Et ≤ u) = P (Du ≥ t)

= P (u1/βD1 ≥ t)

= P (D1 ≥ tu−1/β)

Take derivatives to see that

h(u, t) =
t

β
u−1−1/βg(tu−1/β)

where g(t) is the density of D1.



Zolotarev duality

A negatively skewed stable St = −At has density P (x, t) = p(−x, t).

The stable series representation for 1 < α ≤ 2 gives

P (x, t) =
1

π

∞∑
k=1

(−1)k+1Γ(1 + k/α)

k!
t−k/αxk−1 sin

(
πk

α

)
.

Substituting the hitting time density formula into the stable se-

ries representation for 0 < β = (1/α) < 1 leads to

h(u, t) = α
1

π

∞∑
k=1

(−1)k+1Γ(1 + k/α)

k!
t−k/αuk−1 sin

(
πk

α

)
.

Hence h(x, t) = αP (x, t) for x > 0, or Et
d
= St|St > 0.

The process St has negative jumps.



Consequences of Zolotarev duality

Since
∂h(u, t)

∂u
= −∂βh(u, t)

∂tβ
we also have

∂P (u, t)

∂u
= −∂βP (u, t)

∂tβ

Since
∂P (x, u)

∂u
=

∂αP (x, t)

∂(−x)α
we also have

∂h(x, u)

∂u
=

∂αh(x, u)

∂(−x)α

Here d−αf(x)/d(−x)α has FT (−ik)αf̂(k).



Tracer test in an underground aquifer

Positively skewed stable density c(x, t) with α = 1.1 gives a good

fit. The positive skewness reflects downstream jumps attributed

to high velocity channels.
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Tracer test in a Michigan river

Negatively skewed stable fit t �→ c(x, t) with α = 1.38 for the

Grand River.
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A controversy in hydrology

Negative skewness comes from negative jumps in the CTRW.

Particles cannot jump far upstream!

Duality equates negative skewness to power law waiting times.

Time-fractional model equivalent to negative space-fractional.



Open problem: Markovian subordinator

Is there a stable-like Markov process Zt with the same probability

density functions as Et?
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Open problem: Fractal properties

Lévy particle traces are random fractals with dimension α. Frac-

tal properties of CTRW limits are unexplored.

Levy motion path
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Biological species growth and dispersion

Fractional derivatives model fast spreading via long movements.

∂P

∂t
= C

∂αP

∂xα
+ D

∂2P

∂y2
+ rP

(
1 − P

K

)

Compare α = 2 (top) to α = 1.7 (bottom).
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Sound wave propogation

We use β = 2.5 for human fat tissue and β = 2.1 for liver tissue.
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LIFFE BTP bond futures Sept 1997 delivery
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Log returns and waiting times (sec) are dependent random vari-

ables. Long waiting times are associated with large returns.



General Electric stock October 1999
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Long waiting times and large returns appear asymptotically in-

dependent.



Tempered stables in finance

AMZN stock price changes fit a tempered power law model

P (X > x) ≈ x−0.6e−0.3x for x large
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Derivatives of power laws

If both p and α are integers then

D1 [xp] = pxp−1

D2 [xp] = p(p − 1)xp−2

...

Dα [xp] =
p!

(p − α)!
xp−α

For p > 0 the Gamma function extends p! = Γ(p + 1) via

Γ(p) =
∫ ∞
0

xp−1e−xdx.

Use the property Γ(p + 1) = pΓ(p) to get

Dα [xp] =
Γ(p + 1)

Γ(p + 1 − α)
xp−α.



Fractional derivatives of power laws

If p > 0 then the Laplace transform

LT {xp} =
∫ ∞
0

e−sxxpdx substitute y = sx

=
∫ ∞
0

e−y(y/s)pdy/s = s−p−1Γ(p + 1).

Then

LT {Dαxp} = sαs−p−1Γ(p + 1)

= s−(p−α)−1Γ(p − α + 1) · Γ(p + 1)

Γ(p − α + 1)

= LT

{
Γ(p + 1)

Γ(p − α + 1)
xp−α

}

and the uniqueness of the LT yields

Dα [xp] =
Γ(p + 1)

Γ(p − α + 1)
xp−α.



Difference quotients

The derivative D1f(x) = limh→0 h−1Δf(x) where

Δf(x) = f(x) − f(x − h).

For positive integers α, Dαf(x) = limh→0 h−αΔαf(x) where

Δ2f(x) = (f(x) − f(x − h)) − (f(x − h) − f(x − 2h))

= f(x) − 2f(x − h) + f(x − 2h),

Δ3f(x) = f(x) − 3f(x − h) + 3f(x − 2h) − f(x − 3h)
...

Δαf(x) =
α∑

m=0

(
α
m

)
(−1)mf(x − mh). Here

(
α
m

)
=

α!

m!(α − m)!



Fractional difference quotients

For α > 0 define Dαf(x) = limh→0 h−αΔαf(x) where

Δαf(x) =
∞∑

m=0

(
α
m

)
(−1)mf(x − mh),

(
α
m

)
=

Γ(α + 1)

m!Γ(α − m + 1)

Since f(x−h) has FT e−ikhf̂(k), and using the Binomial formula

(1 + z)α =
∞∑

m=0

(
α
m

)
zm for any complex |z| ≤ 1

we see that Δαf(x) has FT

∞∑
m=0

(
α
m

)
(−1)me−ikmhf̂(k) = (1 − e−ikh)αf̂(k)

and then the FT of h−αΔαf(x) is

h−α(ikh)α

(
1 − e−ikh

ikh

)α

f̂(k) → (ik)αf̂(k) as h → 0.



Random walk simulation code (Maple)

> N:=1000:

> J:=random[uniform[-1,1]](N): # jump distribution

> n:=’n’:T:=0:

> for n from 1 to N do

> T:=T+1;

> S[n]:=T;

> od:n:=’n’:

> plot(sum(J[n]*Heaviside(t-S[n]),n=1..1000),t=0..10);

See http://www.maplesoft.on.ca/



Heavy tail random walk simulation code (Maple)

> lambda:=1:N:=1000:alpha:=1.5:C:=.1:

> P:=random[uniform[0,1]](N):

> J:=random[uniform[0,1]](N):

> n:=’n’:T:=0:

> for n from 1 to N do

> T:=T+1;

> S[n]:=T;

> od:n:=’n’:

> plot(sum((2*floor(2*P[n])-1)*(C/J[n])^(1/alpha)

*Heaviside(t-S[n]),n=1..1000),t=0..1000);

See http://www.maplesoft.on.ca/

Heavy tailed jumps U−1/α where U ∼ Uniform[0,1].


