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TAR Model

e (Zi)ren, be an iid sequence

e {J,:i=1,...,5} be a partition of R?
e «; and [;; real constants

A has the representation

Remark:
TAR models proposed by Tong (1977) and fitted to lynx
data. Can for example explain seasonality.
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TAR(2,7) model
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TAR (Threshold AutoRegressive) Model

e (Zi)ren, be an iid sequence
e {J,:i=1,...,5} be a partition of R?
e «; and [;; real constants

A has the representation

o = maxg—1,..s |ox| and (B, := max;—1...s |3i;l
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Conclusion

Lemma (An and Huang (1996))

Under condition hold:
o (X1)ren, IS geometrically ergodic
e (X1)ren, has a unique strict stationary solution

o (X )kren, IS strongly mixing with geometrically
decreasing mixing rate
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Key Lemma

Let (Z),)rez be i.i. d. with Z), = | Z| + a and

q
X 1= Zﬁij—j + Zi,
j=1
be stationary. Then

where forsome 0 <y < land K >0
Yo=1, 0<ey;<l1forjeN and o; <K+’

e X, has a heavier tail than | X},|:
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Comparison

a1 + 11 Xk—1+ ..o+ B1¢gXk—qg+ Zy, (Xik—1y...5Xk—q) € J1,
az + B21 Xk—1+ ...+ B2qXk—q+ Zky, (Xk—1y...,Xk—q) € J2,

X =
as+ Bs1Xk—1+ ...+ BsqXk—q+ Zky, (Xgk—15-..9Xp—q) € Js.
and
X =0+ X1+ ...+ B, Xk—q + Zi,
where o := kn%ax ol and 3 = max 18]
If (X5,...,X; 1) = (Xol|,...,|X41]) and

X]: = o+ /BlX]:_l + ...+ BqX]:_q + Zy,
then Xk < X7



Assumptions on the TAR Model

Tall balance condition (TB)

Let p™,p~ € |0, 1] such that
pr+p =1
and

as xr — oo,

asS r — OCQ.
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Regular Varying Noise
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Reqgular Variation

f:(0,00) — (0,00) a measurable function

e fis reqularly varying of index —« ( ) If
lim flzu) —u " Yu>0.
oo ()
e fis O-regularly varying if
0 < liminf f(zu) < lim sup f(zu) < oo VYu>0.

rooe f(z) T e fl1)

f regularly var., = f O-reqgularly var.



Assumption

1. e.

P(|Z4
o P > au)

=u " Yu>0.
% P(Z] > 2)




Assumption

1. e.

. P(|Z1] > zu) _
lim —u " Vu>0.
S TOARS

e Stable distribution
e Pareto distribution

e Cauchy distribution
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O-regular Variation

Counter-example
We assume
e P(Z; >2x)~ax"asx — oo for some k > 0.

e TB and DC hold.

o Jl L= UmENO (4m74m+1/2}’ JQ L= R\ Jl.

e 0 < <.
The tail of the stationary solution of the TAR(2,1) model

X =

<

(BXy 1+ Zp, for Xp_i € J,

\

ke N,
Zk; fOI’ Xk_l E JQ,

Is O-regularly varying



TAR(S,1)-Model

We investigate the TAR(S,1)-model

where

e Forsomeriy,ry € R, ry < ro:

e {J,:1=3,...,5} is ameasurable partition of (r, 9]



TAR(S,1)-Model

The has the representation

——> combination of AR(1) processes governed
by S different regimes
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Regular Variation

Lemma
Suppose
o (X)ren, be a stationary TAR(S,1) process.

e 1B and DC hold.

® |le - R_KJ.
Then | Xy| € R_, and
Lo P(Xo>a) pT+p (B)" .t
o= P(|Z1] > ) 1— (B5)" — (Br)=(B;)"
and
L B(Xo < ) p~+p (By)" .=
1m — P

z—oo P(|Z1] >x) 1 —(B)" — (87)"(B1)"



Reqgular Variation

Lemma
Suppose
o (X)ren, be a stationary TAR(S,1) process.

e 1B and DC hold.

® |le & R_KJ.
Then
L PXo>a)  pt4p ()" ,
11m — T — . > p
z—oo P(|Z1| > x) 1 —(83)" — (B1)~(Bz)"
and
P(Xo < —x) p~ +pT(B3)" -

lim = A 2
LBz > 7)1 (B — (B, ) (B )



Multivariate Regular Variation

Definition
Y € R™|s

If there exists a random vector © with values In
S™=1 such that for every x > 0,

as u — oo on B(S™ 1)



Multivariate Regulare Variation

A

ux

PY||>zu)
PCIY ||>w)
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Notation

X =a1+ 51 Xp 1+ Z for Xy € (—o0, 7]

Xy = ag + 02 X1 + Zj, for X,y € (12, 00)

(b)) ==

and for m € Ny define

(T 0
B I
B2 B

\ B™ Bm—l

B3 B
By By

0 )

B]/

) c RQXQ

c RQ(erl)xQ(erl)



Notation

Further, for m € N, define

q(m)

and

(1 -1 0
0 0 1
\ 0 0

c Rm+1)x2(m+1)



Multivariate Regular Variation

Theorem
Suppose
o (X)ren, be a stationary TAR(S,1) process.

e 1B and DC hold.
® |Z1| & R_KJ.



Multivariate Regular Variation

Theorem
Suppose
o (X)ren, be a stationary TAR(S,1) process.

e TB and DC hold.

® |le & R—K,-
Then IS multivariate regularly
varying with index —x, and spectral measure



Point process
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Theorem: Point Process Convergence

o (X)ren, be a stationary TAR(S,1) process.

e TB and DC hold.

* |Z1] € R_«.

e ) < a, | cobe aseqguence of constants such that
?}1_)1(20 nP(| Xo| > a,) = 1.

Then as n — oo,



Notation

Write

j . .
(85 B biy by
J — _ 2X2
B =0 0 | ER 1N
By By b3 035



Notation

Write

1\’ () 1.0)
TP R R (L c R¥? j € Ny
8, B b)) b

Putting

=) — b)) and b =0l — o)
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Theorem: Point Process Convergence

o (X)ren, be a stationary TAR(S,1) process.

e TB and DC hold.

* |Z1] € R_«.

e ) < a, | cobe aseqguence of constants such that
7}1_)1(210 nP(| Xo| > a,) = 1.

Then as n — oo,

where is on [0, 00) x (R\ {0}) with
I(dt x dx) =dt x k(pT+p )t x ...
X (PP T Ly () + 7 (=) T L o)) da



Corollary: Running Maxima
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Corollary: Running Maxima

Let further
e pt >0
e 0 <a, T oo be asequence of constants such that

lim nP(Xy > a,) = 1.

n—aoo

Then

Remark: =0

0=1<= (B,<0and B >0)or By =0
Then OCcCur.
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Corollary: Cluster Sizes

e (5.)rcn be the jump times of a Poisson process with
intensity (p* +p~) " (p" +p~(87)")z "

e ((1)rer be aniid sequence independent of (s;) with

pT((BY V) — B ) +p=(BF V)" — (B5)*)
pt +p(B)"

P(Cl Zj) —

where 1 = Z§0> > Al;gl) > ... Is the order statistic of
(max{0, b§j>})j€NO and (5, :’5;0> > E;l) > ...isthe
order statistic of (max{0, bgj )}) N, -



Example

Pareto-like—noise
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Semi-Heavy Tailed Noise



Long Tailed and Subexponential Distributions

Let I be a distribution function with F'(z) < 1 for xz € R.
Then

o Fisin with v € [0, oo) if

lim F(z +y)/F(z) = exp(—vy)

T— 0

holds locally uniformly in y € R.



Long Tailed and Subexponential Distributions

Let I be a distribution function with F'(z) < 1 for xz € R.
Then

o Fisin with v € [0, oo) if

lim F(z +y)/F(z) = exp(—vy)

T— 0

holds locally uniformly in y € R.

e Fis if F € £(0) and

Fx F
i @) o
T—00 F(gj)




Examples

o '€ L(v),v > 0:
» F(z) ~ Kazbe ™ as x — oo where K > 0,b € R

» GIG (generalized inverse Gaussian) distribution
» NIG (normal inverse Gaussian) distribution

» GH (generalized hyperbolic) distribution

» CGMY distribution

e FFc MDA(A)NS:
» F(x) ~ exp(—z/(logz)*) as z — oo where a > 0

» F(z) ~ Kabe ™™ as ¢ — oo where p € (0,1), K > 0 and
beR

» lognormal distribution



Tail Behavior

Theorem
Suppose

o (X)ren, be a stationary TAR(S,q) process.
e TB and DC hold.
e p" > 0.
o 7, & L(~) with~ > 0, or that
Z; € SNMDA(A).



Tail Behavior

Theorem
Suppose

o (X)ren, be a stationary TAR(S,q) process.
e TB and DC hold.

e p" > 0.

o 7, & L(~) with~ > 0, or that

Z; € SNMDA(A).
Then
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Point Process Convergence

Theorem
Let a,, > 0 and b,, € R be sequences of constants such
that for r € R

lim nP(Xqg > a,x + b,) = exp(—=x).

n—aoo

Then as n — oo,

where >~ | £,.p,) IS @ PRM(dt x e™"dzx).

Sk,



Corollary: Running Maxima

Corollary
Thenforx € R



Corollary: Running Maxima

Corollary
Thenforx € R

The extremal index Is

— extremal clusters



Conclusion

e Regularly Varying Noise
» TAR(S,q) Model: O-regular variation
» TAR(S,1) Model: regular variation

» TAR(S,1) Model:. extremal clusters and no extremal
clusters

e Semi-Heavy Talled Noise
» TAR(S,q) Model: semi-heavy tailed

» TAR(S,q) Model: no extremal clusters
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