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Abstract

Consider the linear regression model

Yn = Xnβ + Un

with observations Yn = (Y1, . . . , Yn)>, i.i.d. errors Un = (U1, . . . , Un)> with an unknown distribu-
tion function F, and unknown parameter β = (β0, β1, · · · , βp)>. The n× (p+ 1) matrix X = Xn is
known or observable and xi0 = 1 for i = 1, . . . , n (i.e., β0 is an intercept). The α-regression quantile
β̂n(α) is a minimizer argminb∈Rn

∑n
i=1 ρα(Yi − x>i b), where x>i is the i-th row of Xn, i = 1, . . . , n

and ρα(z) = |z|{αI[z > 0] + (1− α)I[z < 0]}, z ∈ R1.
The scalar statistic B̄n(α) = x̄>n β̂n(α), is called averaged regression quantile, where nx̄n =∑n

i=1 xni. The statistic B̄n(α) is scale equivariant and regression equivariant. Some other properties
of B̄n(α) are surprising; indeed, B̄n(α) is asymptotically equivalent to the [nα]-quantile of the
location model:

n1/2
[
x̄>n (β̂n(α)− β)− Un:[nα]

]
= Op(n

−1/4), n→∞,(1)

where Un:1 ≤ · · · ≤ Un:n are the order statistics corresponding to U1, . . . , Un. We shall illustrate
this approximation numerically.

The statistics of type x̄>n (β̂n(α2)− β̂n(α1)) are invariant to the regression with design Xn and
equivariant with respect to the scale. As such, they provide a tool for studentization of M-estimators
in linear regression model, and whenever one needs to make a statistic scale-equivariant.

The approximation (1) remains true under a sequence of local alternative distributions, con-
tiguous with respect to the sequence {

∏n
i=1 F (uni)} , e.g. under the local heteroscedasticity.

Based on observations Yn1, . . . , Ynn, we can estimate the quantile density function q(u) =
1/f(F−1(u)) at a fixed point, even under nuisance regression. The estimator can be either of
histogram or of kernel types, and it provides a useful tool for an inference.

1The talk is based on joint work with Jan Picek.
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