Prelim January 2019
Preliminary Exam: Probability.

Time: 10:00am - 3:00pm, Friday, January 18, 2019

Your goal on this exam should be to demonstrate mastery of probability theory and
maturity of thought. Your arguments should be clear, careful and complete.

The exam consists of six main problems, each with several steps designed to help you in
the overall solution.

Important: If you cannot solve a certain part of a problem, you still may use its
conclusion in a later part!

Please make sure to apply the following guidelines:

1. On each page you turn in, write your assigned code number. Don’t write your
name on any page.

2. Start each problem on a new page.

3. Write only on one side of a page.



Problem 1. Let B = {B;, t = 0} be a standard Brownian motion.

1) a. LetX,=tB(t™1), t >0, X, = 0. Prove that {X,, t > 0} is a standard
Brownian motion.

b. Prove: tlim B% =0, a.s. by using part a.

t
2) Prove that {eBt_E, Fe ,t= O} is a martingale, where { F;} denote the
canonical filtration of Brownian motion.

t
3) a. Prove: tlim eP7z =0, a.s. Hint: Use part b of 1).

t
b. Is {er_E}, t = 0 uniformly integrable? Explain.



Problem 2. Let {X, X,k = 1,2, ...} be a sequence of independent and identically

distributed random variables. Assume that j—% P 0, a.s.

1) a. What is P(| il > 1, infinitely often) ? Explain.

b. Which of the following is correct: Y-, P(] X, |> vk) < oo
or Y721 P(| Xx|> Vk) = o ? Explain.

2) Prove that E(X?) < co. Hint: E(X?) = [~ P(X? > x)dx.

3) Assume also that E(X) = O Denote: S,, = Yp-1 Xy, n=1 andlete > 0.

a. Provethat ) ;- 1E( )< o9

k1+26

b. Prove that — 0, a.s.

1/2+e



Problem 3. Let {X,,k = 1,2, ...} be a sequence of independent and symmetric random
variables. We denote S, = Y3_; Xx,n=>1.Letn >1andt > 0 be fixed.

1) a. What is the relationship between the events

max S, >t} and U, { max S;<t,S, >t} ?
{1sksn k } Uk_l{lsjsk—l J k }

b. Is Ux=4 {1 max 1Sj < t, S, =t} aunion of disjoint events? Explain.
<jsk-

c. What is the relationship between the events
{S, =t} and U’gzl{lma}(xlsj <t, S, =tS,—S,=0}7?
<jsk-

2) Prove the following foreach 1 <k <n.
a. S, — Sy isasymmetric random variable. (Hint: What can be said about
characteristic function of a symmetric random variable?)

b. P(S, — S, =0)>1/2.

c. Theevents { max 1Sj <t,S; =t}and{S, — S, = 0} are independent for

1<j<k-—

eachl <k <n.

3) a. Prove Lévy’s Inequality: P(1mi?x S =t) < 2P(S, =t),byusing the
<ksn
earlier parts of this problem.

b. Show how to conclude from part a that P (1mkaX [Sk| =t) < 2P( |Sn| > t).
<ksn
Hint: Prove first: P( max |Sx| =t) < P(max S, = t) + P(min S, < —t).
1<k=sn 1<ks<n 1<ks=n



Problem 4. Let {B,,t > 0} be a standard Brownian motion.
1) Leta>0.

a. Provethat P(B; > a) < e~%°/2_ Hint: Observe that for each t > 0 we have
{B; > a} = {e'Br > e'?}. Now use the Markov inequality and optimize over
t > 0.

b. Provethat P(|B;| > a) < 2e~%/2.
2) a. Quote the reflection principle for Brownian motion.

b. Prove that for each n > 1 and a > 0 we have

P( max |B|>a- 27M2) < 4e9/2,

3) Lete > o0andlet a, = [(2In(2) (1 +e)n]*/?, n> 1.
a. Prove that for each n > 1 we have

P( max |B| > a,-2"™?) < 4-2-(+en

O0st<2™m

b. Prove that for each n > 1 we have

P( max max B, — Bj.,-n| > a, - 27?2) < 4.277€,
(Oskszn—l k-2‘nsts(k+1)-2‘n| t k2 n )

c. Prove that with probability 1 there exist a random N < oo so that if
n > N then
sup {lBt_Bs|}<3'an'2_n/2

0<s<t<1,|t—s|<2~ 7



Problem 5. Let {N, X}, k = 1, 2, ... } be independent random variables. Assume:
(i) EXy)=0k=1,..,
(i) iliIl){EUXkD} <
(i)  E(N) < oo,
(iv) N is integer-valued and N > 1.
Denote: S, = X1 X, n = 1.

1) Define the filtration F, = o{N, Xy, ..., X}, n = 1. Prove the following:
a. N is a stopping time with respectto { F,,n > 1}.

b. {S,, F,n = 1} isamartingale. Hint: why is the independence between N and
{Xx, k =1,2,...} important here?

C. Is {Suan, Fn,n = 1} a martingale as well? Explain or quote a result.
2) Prove that E(XR-q |Xk|) < oo. Hint: Observe that Y¥_; |Xi| = Xp=q 1 Xkl - Livsr,

3) a. Prove that {S,,y,n = 1} is uniformly integrable. Hint: Find a random variable
Y>0sothat E(Y) < oand |S,yl <Y,a.s.,n>1.

b. Quote an appropriate optional stopping theorem from which we can conclude that
E(Sy) = 0.



Problem 6. Let {X, X,k = 1,2, ...} be a sequence of symmetric, independent and
identically distributed random variables. Assume that P(|X| > x) = x72,x > 1. Let
Sn = Zzlek, n=1.

1) a. Calculate E(|X]). If E(]X]) < o then calculate also E (X).

b. Calculate E(X?).

a. Find lim ZZ:l P(Yn,k * Xk)
n—->0oo

. _ wn . . Tp
b. Define T, = Yk-1 Ynr, n = 1. Isittrue that if we know that mﬁ N(0,1)

Sn )
Trniog® oo N(0,1)? Explain.

then we can conclude that

2
3) a. Prove: lim Eiy) _
n—oo log(n)

. Tn
b. Prove: Trioo = N(0,1).




